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Prony’s methodThe state of stress and strain of previously loaded viscoelastic bodies with holes originating in them, suc-
cessively or simultaneously, is analyzed under ﬁnite plane deformations. The problem statement and
solution are based on the theory of repeatedly superimposed large deformations. The material mechan-
ical properties are described using integral relations of the convolution type over time with a weakly sin-
gular kernel. The problem solving is based on the ﬁnite-element method. To calculate the integral of the
convolution type, a recurrence formula is used that can be obtained by approximating the initial kernel
with a linear combination of exponential functions (the truncated Prony’s series). The nonlinear effects
and the effect of the interaction between holes on the stress concentration are analyzed. For the dynamic
problems, the results for incompressible and weakly compressible materials are compared.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
This article analyzes the state of stress and strain of a previously
loaded body composed of an isotropic, viscoelastic, incompressible,
or weakly compressible material having large initial strains due to
the origin of one or two holes. The solution of problems likes this is
of signiﬁcant interest for monitoring and designing structural units
with defects (holes). The solution allows engineers to pre-evaluate
the degree of danger of the defect originating in the unit after
loading.
The problem is formulated by the theory of superimposed large
deformations in elastic and viscoelastic bodies (Levin, 1988, 1998,
1999; Levin and Zingerman, 1998a; Levin et al., 2004, 2007). The
theory allows us to model the deformation of elastic and viscoelas-
tic bodies for the case of multistep loading. In Levin (1988, 1999),
Levin and Zingerman (1998b), Levin et al. (2007) and Levin and
Zingerman (2008), theory-based approximate analytical solutions
of quasistatic plane problems of the stress distribution in viscoelas-
tic bodies with holes originating in them at ﬁnite strains were
developed. In Levin et al. (2007) and Levin and Vershinin (2008),
solutions of static and dynamic problems of the stress distribution
in nonlinear elastic bodies, with holes that originated in them atﬁnite strains, were developed using the ﬁnite-element method.
In this article, the ﬁnite-element method is applied to solve prob-
lems of the stress distribution in viscoelastic bodies with holes
originating in these bodies at ﬁnite plane strains.
Different models of viscoelasticity at ﬁnite strains were consid-
ered in Green and Rivlin (1957), Christensen (1982), Arruda and
Boyce (1993), Bergstrom and Boyce (2000), Bonet (2001), Burenin
et al. (2010), Drozdov and Dorfmann (2003), Haupt et al. (2000),
Il’ushin and Pobedria (1970), Johnson et al. (1995), Lion (1996), Re-
ese and Govindjee (1998) and Shim and Mohr (2011). In this arti-
cle, integral-type constitutive relations are used to describe the
mechanical properties of the material, which were suggested by
Adamov et al. (2003) to describe the mechanical properties of rub-
ber materials and human skin (Fedorov and Adamov, 2007) and
have been tested when solving many problems (Arutiunyan
et al., 1987; Zingerman and Levin, 1999; Levin et al., 2007; Levin
and Zingerman, 2002). These are convolution-type integral rela-
tions over time with a weakly singular kernel.
The structure of the article is as follows.
Section 1 considers the equations of the theory of nonlinear vis-
coelasticity at large strains. This section is introduced to facilitate a
better understanding of the article and to make the physical ap-
proaches more transparent.
Section 2 states the problems of the state of stress and strain of
viscoelastic bodies with stress concentrators (holes) originating in
Nomenclature
 is the sign of tensor contraction
: is the sign of double tensor contraction
I is the second-rank identity tensor
Notation for the case when deformations are not superimposed
r0 is a gradient operator in coordinates of the initial state
C
0
is a boundary of a body in the initial (undeformed) state
n is a normal to C
0
N is a normal to the deformed boundary
u is a displacement vector
F is the deformation gradient
J is the relative volume variation
C ¼ FT  F is the Cauchy–Green deformation tensor
r is a true stress tensor
S is the second Piola–Kirchhoff stress tensor
r_ is an energy stress tensor
q0 is the initial density of the material of a body
p is the Lagrange multiplier
Notation of the theory of repeatedly superimposed large deformations
rn is a gradient operator in coordinates of the n-state
R
n
is the position vector of a particle in the nth state
C
n
is a boundary of a body in the n-state
unþ1ðtÞ is a displacement vector deﬁning the transition from the
nth state to the ðnþ 1Þth state
Fm;n is the deformation gradient in transition from the mth
state to the nth state
Jm;n is the relative volume variation in transition from the
mth state to the nth state
Cm;n is a tensor deﬁning the strains associated with the tran-
sition of a body from the mth state to the nth state
r0;n is the total true stress tensor for the nth state
S0;nþ1
m
is the generalized stress tensor in the base of the mth
state under transition from the initial state to the
ðnþ 1Þth state; at m ¼ 0, this tensor is the second Pio-
la–Kirchhoff stress tensor
qn is the body’s density in the nth state
p0;n is the Lagrange multiplier for the nth state
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superimposed large deformations. The section includes equations
and boundary conditions for different states.
Section 3 considers the methods and algorithms for problem
solving. It describes a general algorithm for determining the
stress–strain state of previously loaded viscoelastic bodies with
holes originating in them at ﬁnite strains. The ﬁnite-element real-
ization implies the necessity for mesh reconstruction to consider
the origin of a new stress concentrator. The section details the
algorithms for the transfer of computational results from the old
mesh to a new one.
The characteristics of the ﬁnite-element-method realization
when solving these problems for incompressible or weakly com-
pressible materials are also considered in this section.
One of the essential problems in using a numerical solution of
viscoelasticity problems is the necessity of storing the calculation
results at all the previous time steps in the computer memory. This
problem arises when integral-type constitutive relations are used
for thedescriptionof themechanical behavior ofmaterials. This arti-
cle presents Prony’smethod, which provides a solution to this prob-
lem, and describes the characteristics of the method realization for
the case in which the viscoelasticity kernel is weakly singular.
Section 4 presents the results of the numerical solution of
quasistatic problems. All of the calculations in this section are
based on an incompressible material because for most quasistatic
problems, the weak compressibility of the material is considered
unimportant (Rogovoy, 2001). First, to solve the problem of a stress
concentration in a body with a hole, the ﬁnite element calculation
results were compared with an approximate analytical solution
that was previously obtained with the second-order nonlinear ef-
fects considered. The section examines the dependence of the dif-
ference between these solutions on the applied load value. Then,
the article presents the results of determining the stress–strain
state of the previously loaded viscoelastic body with one or two
holes originating in it. The variation of the state of stress and strain
of a body over time and the hole shape variation are analyzed. The
effects of the interaction between holes and the effect of the order
of their origin on the state of stress and strain are also examined.
Section 5 analyzes the results of the calculations for dynamic
problems. The state of stress and strain caused by the origin of acircular hole in the bodies made of both incompressible and
weakly compressible materials is analyzed. The results of the prob-
lem of two elliptical holes that originate successively in a body
made of incompressible material are analyzed as well. The section
also considers the interaction between holes.
2. The statement of the problems of nonlinear viscoelasticity at
large deformations
Consider the system of differential equations and boundary
conditions that describes the mathematical problem statement of
nonlinear viscoelasticity in coordinates of the initial (undeformed)
state.
The equation of motion
r0 ½ðJðtÞÞ1SðtÞ  FðtÞ  q0
@2uðtÞ
@t2
¼ 0; ð1Þ
wherer0 is a gradient operator in coordinates of the initial state; JðtÞ
is the relative volume variation; SðtÞ is the second Piola–Kirchhoff
stress tensor; FðtÞ is the deformation gradient; q0 is the initial den-
sity of the material of a body; and uðtÞ is a displacement vector.
The initial conditions are
ujt¼0 ¼ 0;
@u
@t

t¼0
¼ v0; ð2Þ
where v0 is the initial velocity of a particle.
The boundary conditions are
n  SðtÞj
C
0 ¼ PðtÞJðtÞ½FðtÞ1  ½FTðtÞ1; ð3Þ
where C
0
is a boundary of a body in the initial (undeformed) state, n
is a normal to this boundary, P ¼ PN is a pressure vector at the
boundary, and N is a normal to the deformed boundary.
The equation of incompressibility is JðtÞ ¼ 1.
The relation between the second Piola–Kirchhoff stress tensor
SðtÞ and the true stress tensor rðtÞ is
SðtÞ ¼ JðtÞ½FðtÞ1  rðtÞ  ½FTðtÞ1: ð4Þ
The geometrical relations are
J ¼ detF; F ¼ Iþr0 u ¼ Iruð Þ1; ð5Þ
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The constitutive relations proposed by Adamov et al. (2003) and
previously tested when solving speciﬁc problems (Arutiunyan
et al., 1987) are used in this work as follows:
– for weakly compressible materialsr_ðtÞ¼l ½1þbðC : I3ÞqJ5=3 I1
3
ðC : IÞC1
  
þBðJ1ÞC1; ð6Þ– for incompressible materialsS ¼ l I 1
3
ðC : IÞC1
 
 pC1: ð7ÞHere,
l½u ¼ l0 uðtÞ 
Z t
0
Kðt  sÞuðsÞds
 
; KðtÞ
¼ A expðbtÞtc1: ð8Þ
In these relations, ‘‘:’’ is a sign of a double tensor contraction, p is a
scalar factor (Lagrange multiplier), r_ is an energy stress tensor re-
lated to the true stress tensor for the n-state r:
r ¼ F  r_  FT ; ð9Þ
C ¼ FT  F is the Cauchy–Green deformation tensor (Lurie, 1990),
and q; b; B; l0; A, c, and b are material constants.
Note that the kernel KðtÞ in Eq. (8) was suggested by Koltunov
(1967). This kernel allows us to approximate the behavior of rub-
ber materials over a wide time range.
The model (6) was constructed by Adamov et al. (2003) on the
basis of constitutive relations proposed by Peng and Landel (1975)
for nonlinear-elastic materials:
r_ ¼ l J5=3 I 1
3
ðC : IÞC1
  
þ BðJ  1ÞC1:
The modulus l in these relations was replaced by the integral oper-
ator of viscoelasticity l. In addition, Adamov et al. (2003) intro-
duced a factor ½1þ bðC : I 3Þq into the expression under the sign
of this operator. This factor permits one to describe the mechanical
properties of a special class of ﬁlled rubbers more accurately.3. Problem statement based on the theory of repeatedly
superimposed large deformations
3.1. Mechanical model of the origin of holes
The general problem statement is as follows (Levin, 1988,
1998). Initially, at time s0 ¼ 0, plane strains originate in a body un-
der external forces, and over time, they vary due to viscoelastic
processes in the body material. Then, at a designated time s1, a
closed contour is marked in a body (the future boundary of the ﬁrst
hole). A part of the body limited by the contour is mentally re-
moved, and its effect on the remaining part of the body is replaced
(based on the principle of release from bonds) with the forces dis-
tributed along this contour. Then, the forces ‘‘immediately’’ vary,
assuming the set value (e.g., when a hole with a stress-free contour
forms, these forces reduce to zero). As a result, additional ﬁnite (at
least in the vicinity of the formed hole) strains and corresponding
stresses superimposed on the initial strains originate in the body.
For quasistatic problems, it is supposed that the ‘‘immediate’’ force
variation at the contour occurs (Christensen, 1982) without dy-
namic effects.
Strains in the body continue to vary over time due to viscoelas-
tic processes, and the shape of the boundary surface also varies.Then, at a designated time s2, the second contour is marked in
the body, and the second hole originates according to the afore-
mentioned pattern. New ﬁnite additional strains and stresses orig-
inate in the body and are superimposed on the existing ones. The
shape of the holes also varies.
Note that the stated approach can also be applied to modeling
the origin of inclusions (regions with other properties) in a previ-
ously loaded body (Zingerman and Levin, 2009). The origin of an
inclusion may result from phase transitions or chemical reactions
(Grinfeld, 1990; Levitas and Stein, 1997; Levitas et al., 1998,).
3.2. Mathematical problem statement
According to the theory of superimposed large deformations
(Levin, 1988, 1998), the following states are singled out in a body.
Initial (nondeformed) state; the ﬁrst intermediate state the body
assumes at time s1 before the origin of the ﬁrst hole; the second
intermediate state the body assumes at time s2 before the origin
of the second hole; the current state the body assumes after the
origin of the second hole (t > s2). The numbers 0, 1, 2, and 3 are gi-
ven to these states, respectively.
Consider the system of differential equations and boundary
conditions that describes the mathematical problem statement of
transition from the state at time sn to the one at time t > sn (cur-
rent ðnþ 1Þth state). The problem is deﬁned in coordinates of the
nth state (the state at time sn).
The equation of motion
rn ½ðJ0;nÞ1S
n
0;nþ1ðtÞ  Fn;nþ1ðtÞ  qn
@2unþ1ðtÞ
@t2
¼ 0; ð10Þ
wherern is a gradient operator in coordinates of the nth state; J0;n is
the relative volume variation in transition from the state at time s0
(the initial one) to the nth state; S0;nþ1
n
ðtÞ is the second Piola–Kirch-
hoff stress tensor; Fn;nþ1ðtÞ is the deformation gradient in transition
from the nth state to the ðnþ 1Þth state; qn ¼ ðJ0;nÞ1q0 is the body’s
density at time sn ; and unþ1ðtÞ is a displacement vector deﬁning the
transition from the nth state to the ðnþ 1Þth state.
The initial conditions are
unþ1ðsnÞ ¼ 0; @unþ1
@t
ðsnÞ ¼ vn; ð11Þ
where vn is the particle velocity at time sn.
For a quasistatic problem, the equilibrium equation is consid-
ered instead of the equation of motion (10), and the former differs
from the latter only by the absence of the last summand in the left
part. In addition, the second initial condition (11) is not used in this
case.
The boundary conditions are
N
n
S
n
n;nþ1ðtÞ

C
n
¼ PðtÞJ0;nþ1ðtÞ½Fn;nþ1ðtÞ1  ½FTn;nþ1ðtÞ
1
; ð12Þ
where C
n
is a boundary of a body in coordinates of the nth state at
time sn (including the boundary of the hole originating in this
state), N
n
is a normal to this boundary, and Pnþ1 ¼ PN
n
is a pressure
vector at the boundary.
The equation of incompressibility is
Jn;nþ1 ¼ 1: ð13Þ
The relation between the generalized stress tensor S0;nþ1
m
ðtÞ and
the total true stress tensor r0;nþ1 is
S0;nþ1
0
ðtÞ ¼ J0;nþ1ðtÞ½F0;nþ1ðtÞ1  r0;nþ1ðtÞ  ½FT0;nþ1ðtÞ
1
: ð14Þ
Atm ¼ 0, the tensor S0;nþ1
0
ðtÞ is the second Piola–Kirchhoff stress
tensor.
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of different states is
S
l
0;nþ1ðtÞ ¼ Fm;l  S
m
0;nþ1ðtÞ  FTm;l: ð15Þ
The geometrical relations are
F0;n ¼ Fk;n  F0;k; ð16Þ
Jk;n ¼ det Fk;n; ð17Þ
Fk;n ¼ r
k
R
n
¼ Iþ
Xn
i¼kþ1
rk ui; ð18Þ
Fk;n ¼ Fn;k
	 
1 ¼ rn Rk 1 ¼ I Xn
i¼kþ1
rn ui
 !1
; ð19Þ
where I is an identity tensor and k
R
and n
R
are the position vectors of a
particle in the kth and nth states, respectively. Expressions on the
right-hand side of Eqs. (18) and (19) may be derived using the iden-
tity R
n
¼ R
k
þ Pn
i¼kþ1
ui.
The sketch illustrating the superposition of large strains is
shown in Fig. 1. Two-stage plane deformation of a square sample
is shown in this ﬁgure. The initial (undeformed) state is shown
in Fig. 1(a), the intermediate state is presented in Fig. 1(b), and
the ﬁnal state is shown in Fig. 1(c). The uniform coordinate grid
is given in the initial state, and it is shown how this grid is de-
formed in the intermediate and ﬁnal states. The initial deformation
is a tension along the x-axis combined with a compression along
the y- axis, and the additional deformation is a simple shear in
the xy plane.
The constitutive relations (6) and (7) may be written using the
notation of the theory of repeated superposition of large deforma-
tions as follows:
– for weakly compressible materialsFig. 1.
state.r_0;nþ1ðtÞ ¼l ½1þbðCðtÞ : I3ÞqðJðtÞÞ5=3 I
1
3
ðCðtÞ : IÞCðtÞ1
  
þBðJ0;nþ11ÞC10;nþ1;
ð20Þ– for incompressible materialsS
0
0;nþ1 ¼ l I 13 ðCðtÞ : IÞCðtÞ
1
 
 p0;nþ1C10;nþ1: ð21ÞHere,
l½u ¼ l0 uðtÞ 
Z t
0
Kðt  sÞuðsÞds
 
; KðtÞ
¼ A expðbtÞtc1: ð22ÞSuperposition of large strains. Two-stage plane deformation of a square sample.In these relations, n is a state number, p0;n is a scalar factor (La-
grange multiplier), r_0;n is an energy stress tensor related with the
total true stress tensor for the n-state r0;n in the following way:
r0;n ¼ F0;n  r_0;n  FT0;n; ð23Þ
C0;n ¼ FT0;n  F0;n is a tensor deﬁning the strains associated with
the transition of a body from the initial state to the n-state (with
n ¼ 1, tensor C0;1 ¼ C being the Cauchy–Green deformation tensor
(Lurie, 1990)).4. Methods of problem solving
4.1. General algorithm of solving problems of the successive origin of
holes in viscoelastic bodies
The problems of the successive origin of two stress concentra-
tors in viscoelastic materials are solved using the following
algorithm.
1. The problem of the initial (quasistatic or dynamic) deformation
of a body under initial stresses is solved for the initial state
coordinates (the state of a body at time s0 ¼ 0). This problem
statement includes relations (10)–(21) at n ¼ 0. For dynamic
problems, (11) is set to the initial conditions v0 ¼ 0.
Solving this problem allows us to determine the displacement
vector u1 from the initial state to the ﬁrst intermediate state
and, therefore, the boundary of the body at time s1, when the
ﬁrst hole originates. Other characteristics of the state of stress
and strain of the body are also determined, particularly the ini-
tial deformation gradient F0;1.
2. The ﬁnite-element mesh is constructed for the region occupied
by the body at the ﬁrst intermediate state. The meshing
accounts for the boundaries of the ﬁrst hole originating in a
body in this state. The data of the state of stress and strain of
the body at time s1 are transferred from the old mesh to a
new one.
3. The problem of the origin of the ﬁrst hole and future deforma-
tion of the body up to time s2 > s1 of the origin of the second
hole is solved in terms of the coordinates of the ﬁrst intermedi-
ate state. This problem statement includes relations (10)–(21)
at n ¼ 1. For dynamic problems, v1 ¼ @u0=@tjt¼s1 is set to the
initial conditions (11).
Solving this problem allows us to determine the displacement
vector u2 from the ﬁrst intermediate state to the second state
and, therefore, to determine the boundary of the body at time
s2, when the second hole originates. Other characteristics of
the state of stress and strain of a body are also determined, par-
ticularly the initial deformation gradient F0;2.
4. A ﬁnite-element mesh is constructed for the region occupied by
the body at the second intermediate state. The meshing
accounts for the boundaries of the second hole originating in(a) – the initial (undeformed) state, (b) – the intermediate state, and (c) – the ﬁnal
Fig. 2. Finite elements used for incompressible materials.
V.A. Levin et al. / International Journal of Solids and Structures 50 (2013) 3119–3135 3123the body in this state. The data of the state of stress and strain of
the body at time s2 are transferred from the old mesh to a new
one.
5. The problem of the origin of the second stress concentrator and
future deformation of the body because time s2 of the second
hole origin is solved for the coordinates of the second interme-
diate state. This problem statement includes relations (10)–(21)
at n ¼ 2. For dynamic problems, v2 ¼ @u1=@tjt¼s2 is set to the
initial conditions (11).
Solving this problem allows us to determine the displacement
vector u3 from the second intermediate state to the current one
and to determine other characteristics of the state of stress and
strain of the body after the creation of the second hole.
This algorithm can be easily generalized for the case of succes-
sive creation of an arbitrary number of holes and for the case in
which the holes are created in groups.
4.2. Peculiarities of ﬁnite-element-method realization for
incompressible and weakly compressible materials
The ﬁnite-element method based on the Galerkin method
(Wriggers, 2008; Zienkiewicz and Taylor, 2000a,b) is used to solve
the problems in steps 1, 3, and 5 of the algorithm considered in the
previous subsection and in the following odd steps for the case in
which the number of holes exceeds two. Newton’s method is used
to solve the system of nonlinear equations in this method. Because
the ﬁnite-element method is the one most used in the literature, it
is not necessary to present it in detail in this article. Instead, we
will only consider several peculiarities of its use for incompressible
and weakly compressible materials.
In the case of the ﬁnite-element analysis for incompressible
materials, the so-called mixed u–p formulation must be used to re-
spect an incompressibility equation (p serves as a Lagrangian mul-
tiplier in this case). For the u–p formulation, the staggered ﬁnite-
element mesh must be used to satisfy the LBB stability condition
(Zienkiewicz and Taylor, 2000a), which is violated if both displace-Fig. 3. Displacements of nodes and elements of the mesh under deformation. Vements (u) and a pressure (p) are given in the same nodes of the tri-
angular mesh. In Fig. 2, an example of such a staggered mesh
satisfying the LBB condition is presented. Here, the unknown dis-
placements are given in the circular nodes of the triangles obtained
from splitting a quadrangle, whereas the pressure is an unknown
constant value at the whole quadrangle (a black triangle in Fig. 2
means exactly a constant value for the whole element). Here, nu
represents the number of degrees of freedom (DOFs) for displace-
ments at the quadrangle (displacements at the boundary nodes
are prescribed), and np represents the number of DOFs for the pres-
sure at the quadrangle (a constant value of the pressure is pre-
scribed at the element to satisfy the incompressibility condition).
Obviously, a necessary patch test (nu P np) is fulﬁlled for the given
element. The application of this approach for 3D problems is con-
sidered, for example, in Boerner and Wriggers (2008).
This approach is effective because it allows us to solve the prob-
lems in which the Lagrange multiplier is a discontinuous function
(it is signiﬁcant, for example, for the problems in which a body is
composed of several materials).
When modeling weakly compressible materials with the help of
triangular elements, the LBB condition is not fulﬁlled (Zienkiewicz
and Taylor, 2000a,b). The elements similar to the aforementioned
ones can be used in this case. However, in weakly compressible
materials, the relative variation of volume does not equal 0, and
thus, apart from displacements and Lagrange multipliers (pres-
sures), another group of unknowns J0;nþ1 associated with volume
variation is introduced (a similar approach is used, for example,
in Holzapfel et al. (2002)). The spherical part of the true stress ten-
sor r0;nþ1 is used for pressure p0;nþ1 in this case. Thus, the ﬁnite-ele-
ment problem is solved relative to the unknowns unþ1; p0;nþ1, and
J0;nþ1. The triangular elements are used for displacements, and
the same shape functions as the ones for the Lagrange multipliers
are used for J0;nþ1. In other words, the relative variation of volume
is considered as being deﬁned at a quadrangular element and trea-
ted as a constant.
4.3. Methods of ‘‘transfer’’ of the results to a new mesh when solving
problems involving stress concentrators that are created successively
As previously mentioned, solving problems based on the theory
of superimposed ﬁnite strains causes a problem of transfer of phys-
ical parameters (deformation gradients F0;n in particular, and
velocities v and accelerations a for dynamic problems). The trans-
fer is necessary in the case of the deformation of a mesh by the
known displacement values un (Fig. 3) and when constructing a
new mesh (e.g., at the removal of a part of a body or at the origin
of a new hole, as shown in Fig. 4). The left pictures in these ﬁgures
show the initial mesh, and the right pictures show the new
meshes. Note that data transfer between meshes is also requiredrtical and horizontal lines in the middle of the pictures are coordinate axes.
Fig. 4. Construction of a newmesh at the origin of a new hole. Vertical and horizontal lines in the middle of the pictures are coordinate axes. The mesh in the left picture is the
same as in Fig. 3.
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Fish and Belsky (1995a,b).
Suppose that v is a physical magnitude deﬁned in the nodes of
the mesh and that W is a magnitude deﬁned at the elements set.
Now, let us introduce additional notations for further description:
mi are nodes of the old mesh, m0i are nodes of the strained mesh
created due to the displacement of nodes ni in compliance with the
calculated displacement vector, and m00i are nodes of the new mesh.
dj are elements of the old mesh, d0j are elements of the strained
mesh, and d00j are elements of the new mesh.
v i is the magnitude v in the node i of the old mesh, v 0i is the va-
lue of this magnitude in the node i of the strained mesh, and v 00i is
the value of this magnitude in the node i of the new mesh.
Wj is the magnitudeW in the element j of the old mesh; W0j is the
value of this magnitude in the element j of the strained mesh; W00j is
the value of this magnitude in the element j of the new mesh.
The node values v 0i are obtained via a simple ‘‘transfer’’ of the
values v i:v 0i ¼ v i: ð24Þ
Similarly, for the values W0j in the elements, we have:W0j ¼ Wj: ð25Þ
In the case of the variation of the problem topology, the mesh is
ﬁrst shifted, and the values v 0i are calculated using Eq. (24). Then,
the values v 00i are calculated using the equationv 00k ¼
XL
i¼1
v 0iN
0
iðx0k; y0kÞ; ð26Þwhere x00k; y
00
k , are the coordinates of the node m00k;N
0
i are the node
shape functions m0i (i ¼ 1; . . . ; L), and L is the number of nodes of
the old mesh.
It should be noted that if a node g00k of the new mesh is located
inside an element dj of the strained mesh, the value v 00k will only de-
pend on the values of the magnitude v in the nodes of this element.
Thus, to determine v 00k , it is necessary to determine the element di
with a node g00k . The algorithms to determine the element by node
coordinates are well-examined.
The following approach was used for the ‘‘transfer’’ of the value
W. The value W00l in the element d
00
l was assumed to be equal to the
weighted sum of the values W0j in the elements of the strained
mesh. The intersection areas of the element of the new mesh d00l
with the elements d0j of the strained mesh relative to the element
total area d00l were taken as the weight-scales.4.4. Calculation of the convolution-type integral using Prony’s method
A signiﬁcant feature of solving problems for the selected type of
material, from a numerical point of view, is the necessity of calcu-
lating the integral of the convolution type using Eq. (22). Prony’s
method is used in this work (see Zienkiewicz and Taylor, 2000b).
Let us describe this in detail.
Introduce the discretization of time interval ½0; T during which
the problem is being solved: 0 ¼ t0 < t1 < t2 <    < tN ¼ T .
Suppose that it is necessary to ﬁnd an integral type
IðtÞ ¼ R t0 Kðt  sÞuðsÞds. Let us denote Ik ¼ IðtkÞ.
Suppose that we have kernel approximation KðtÞ at an interval
½0; T by linear combination of a ﬁnite number of exponentials (par-
tial sum of Prony’s series). We have
KðtÞ 
Xm
i¼1
Ci expðaitÞ; ð27Þ
such that
KðtÞ 
Xm
i¼1
Ci expðaitÞ

 < e; 8t 2 ½0; T
, where e is a small positive number.
It should be noted that the possibility of this approximation is
based on the fact that the kernel KðtÞ is a completely monotonic
function (Hanyga, 2005). For this reason, the kernel KðtÞ can be
represented in the form of KðtÞ ¼ R10 gðsÞ expðt=sÞds with the
relaxation spectrum gðsÞP 0. This integral can be approximated
by a Prony series (Haupt et al., 2000).
Using the notations Iik ¼
R tk
0 exp½aiðtk  sÞuðsÞds, we can ob-
tain an approximate equation from (27):
Ik 
Xm
i¼1
CiI
i
k: ð28Þ
Let us express Iikþ1 in terms of I
i
k:
Iikþ1 ¼
Z tkþ1
0
exp½aiðtkþ1  sÞuðsÞds
¼
Z tk
0
exp½aiðtkþ1  sÞuðsÞdsþ
Z tkþ1
tk
exp½aiðtkþ1
 sÞuðsÞds:
If we replace the function uðsÞ in the last integral by its average va-
lue uðtkþ1Þ ¼ ½uðtkþ1Þ þuðtkÞ=2 at the interval ½tk; tkþ1, we can ob-
tain an approximate recurrence equation:
Iikþ1  di;kIik þuðtkþ1Þ
ð1 di;kÞ
ai
; i ¼ 1; . . . ;m; ð29Þ
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Using Eqs. (29) and (28), we can successively calculate the inte-
grals Ik ¼ IðtkÞ at k ¼ 1; . . .N.
The advantage of such an approach in calculating the integral is
that when using Eq. (29), it is only necessary to store the integral
values calculated at the previous time step in the computer mem-
ory. It is of vital importance to note that with a large number of
time steps, the methods that require storing the function values
for all of the previous time steps (for quadrature equations of
numerical integration in particular) may require a large amount
of memory.
To determine the coefﬁcients of the Prony series, a method sug-
gested in Beylkin and Monzon (2005) can be used.
4.5. Prony’s method modiﬁcation with kernel singularity is considered
The kernel KðtÞ in (22) has a singularity at t ¼ 0, and the partial
sum of the Prony series (27) is limited at t ¼ 0. Thus, decomposi-
tion of this kernel into a Prony series at the interval ½0; T is impos-
sible, and it is necessary to make a correction to Prony’s method
using some point adjacent to t ¼ 0:
Ikþ1 ¼
Z tkþ1
0
Kðtk  sÞuðsÞds
¼
Z tk
0
Kðtkþ1  sÞuðsÞdsþ
Z tkþ1
k
Kðtkþ1  sÞuðsÞds

Z tk
0
Kðtkþ1  sÞuðsÞdsþuðtkþ1Þ
Z tkþ1
tk
Kðtkþ1  sÞds: ð30Þ
Let us now consider the ﬁrst term in Eq. (30). Note that the
function KðtÞ has no singularities in the interval ½tkþ1  tk; tkþ1,
which is why we can approximate the function using the partial
sum of the Prony series (27) at this interval. Substituting the func-
tion for the ﬁrst summand (30), we obtainZ tk
0
Kðtkþ1sÞuðsÞds
Z tk
0
Xm
i¼1
Ci exp½aiðtkþ1sÞuðsÞds
¼
Xm
i¼1
exp½aiðtkþ1 tkÞ
Z tk
0
Ci exp½aiðtksÞuðsÞds
 
¼
Xm
i¼1
exp½aiðtkþ1 tkÞCiIik:
ð31Þ
The integrals Iik in the right part of the last equation are calculated
using the recurrence Eq. (29).
The integral of the second term in Eq. (30) can be calculated
analytically. For the case of kernel KðtÞ ¼ A expðbtÞ
t1c , we obtainFig. 5. The geometry of the rubber sample with one hole and the scheme of loading.Z tkþ1
tk
Kðtkþ1  sÞds ¼ Abc C½c  C½c;bðtkþ1  tkÞf g; ð32Þ
where C½c ¼ Rþ10 sc1esds is the Euler gamma-function, and
C½c; x ¼ Rþ1x sc1esds is a partial gamma function.
Substituting (31) and (32) for (30), we obtain an equation for
calculating the integral from constitutive relations:
Ikþ1 ¼
Xm
i¼1
exp½aiðtkþ1  tkÞCiIik
þ Auðtkþ1Þbc C½c  C½c;bðtkþ1  tkÞf g:
This equation, along with the recurrence Eq. (29), allows us to
approximately calculate the convolution integral with a weakly
singular kernel (22) using only the values calculated for the previ-
ous step at each time step.
4.6. Peculiarities of the ﬁnite-element-method realization when
solving dynamic problems based on the theory of superimposed large
strains
We use the discretization of time interval ½0; T, where the prob-
lem is solved: 0 ¼ t0 < t1 < t2 <    < tN ¼ T.
We denote the displacement vector in the nodes of the ﬁnite-
element mesh at the kth time interval as UðkÞ and V ðkÞ and AðkÞ as
velocity and acceleration vectors in the nodes of the mesh at this
time interval, respectively.
Applying the Galerkin method to Eq. (10) with boundary condi-
tions taken into account, we can obtain the following system of
nonlinear algebraic equations (Levin et al., 2007; Levin and Versh-
inin, 2008):
MAðkÞ þ KðUðkÞÞ  f ¼ 0; ð33Þ
where M is a mass matrix and KðUÞ is a nonlinear vector function.
It should be noted that nonlinearity in (33) exists only in the
displacements and not in their derivatives (velocities and acceler-
ations). This fact allows us to apply the well-known methods of
solving dynamic problems of nonlinear elasticity theory. To solve
the obtained system (33), the Newmark scheme (Zienkiewicz and
Taylor, 2000a) was used.
Suppose that we know the solution of the problem at the kth
time interval Uk; Vk, and Ak. Then, to ﬁnd the solution at the
ðkþ 1Þth time interval, we use the following equation:
Uðkþ1Þ ¼ UðkÞ þ sV ðkÞ þ ðs2=2Þ½ð1 b2ÞAðkÞ þ b2Aðkþ1Þ; ð34Þ
where b1 and b2 are parameters of the scheme and s ¼ tkþ1  tk.
Substituting this relation in Eq. (33) for the time tkþ1, we obtain
MAðkþ1Þ þ K UðkÞ þ sV ðkÞ þ ðs2=2Þ ð1 b2ÞAðkÞ þ b2Aðkþ1Þ
h ih i
¼ f : ð35Þ
After solving this system of nonlinear equations by Newton’s meth-
od and ﬁnding Aðkþ1Þ, we ﬁnd Uðkþ1Þ using Eq. (34). To ﬁnd the veloc-
ities V ðkþ1Þ in the Newmark scheme, the following relations are used
(Zienkiewicz and Taylor, 2000a):
V ðkþ1Þ ¼ V ðkÞ þ s ð1 b1ÞAðkÞ þ b1Aðkþ1Þ
h i
: ð36Þ
The scheme provides a second-order approximation. Unconditional
stability of the method is guaranteed at b2 P b1 P 1=2 (Zienkiewicz
and Taylor, 2000a). Because the matrix M is a diagonal one, in the
case b2 ¼ 0, the scheme becomes explicit and has conditional stabil-
ity at b1 P 1=2. It is recommended that the minimum speciﬁc size
of the element divided by the velocity of the elastic wave distribu-
tion in the material of a body at small strains be used as the time
interval. For the examples of the calculation considered below,
Fig. 6. Distribution of the component ryy of a total true stress tensor at different moments of time for the problem of stretching of a body with a hole. Stress applied to the
boundary is ryy

C
¼ 0:1l0.
Fig. 7. Time dependencies of the relative difference D between the analytical and the ﬁnite-element solution for different loads. q ¼ 0:01 (a), 0.02 (b), 0.05 (c), 0.1 (d).
1 http://www.cae-ﬁdesys.com/en
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a scheme with a higher order of approximation over time instead of
(34) and (36) because of the round-off error.
We used the following parameter values in the Newmark
scheme. For the implicit scheme, we obtain b1 ¼ 0:5 and
b2 ¼ 0:75. These parameter values provide a second-order approx-
imation over time with a minimal residual coefﬁcient. In the case
of the explicit scheme, we used the values b2 ¼ 0 and b1 ¼ 0:5.
5. Results of numerical calculations for quasistatic problems
This section considers the results of the numerical solution of
quasistatic plane problems of stress-deformed viscoelastic bodies
with holes initially existing in them or originating after loading.The results were obtained with the help of the FIDESYS CAE sys-
tem.1This system is developed for the strength analysis of structural
units with defects originating in them during the process of loading
(Levin et al., 2010, 2012; Pekar et al., 2012). The FIDESYS CAE system
is based on the theory of repeated superposition of large strains and
permits one to solve problems in which the connectedness of a re-
gion occupied by a body changes in the process of loading and prob-
lems in which the material properties of a part of a body changes
during loading.
The calculations are performed for the case of plane strain.
Bodies in a nondeformed state have a square shape.
Fig. 8. The distribution of the component of a total true stress tensor ryy near the hole at different times for the problem of a hole created in a previously loaded body. (a)–
t ¼ 8 (the moment of origin of the hole), (b) – t ¼ 16, (c) – t ¼ 32, and (d) – t ¼ 80.
Fig. 9. The geometry of the rubber sample with two holes and the scheme of
loading.
2 The computations were performed with the participation of G. Pekar.
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problem with a hole already existing in it at different loads. This
solution is compared with the approximate analytical solution
based on the approach of Zingerman and Levin (1999) and Levin
and Zingerman (1998b), considering second-order effects. The
comparison allows us to identify the loads at which the nonlinear
effects of a higher order become considerable. The section then
considers the results of solving the problem of a circular hole orig-
inating in a loaded body. The section ends with the results of solv-
ing the problem of two circular holes originating in a loaded body
successively or simultaneously. These results allow us to deter-mine how the order of the origin of holes affects the stress
concentration.
All of the calculations are performed for constitutive relations
(21) with a kernel (22). The values of the material constants are
c ¼ 0:016; b ¼ 0:000167 s1, and A ¼ 0:013 sc. These constant val-
ues were obtained by Adamov et al. (2003) based on experiments
with a special type of polyurethane.
For all of the results provided below, the stresses relate to the
module l0. Time is stated in seconds, and the load is considered
to be applied at time t ¼ 0.5.1. Uniaxial loading of a body with a circular hole
We solve a series of problems of quasistatic strains of a square-
shaped body with a side 20R and a circular hole of radius R in the
center of a body affected by uniaxial tensile stresses applied to the
external boundary — ryy

C=l0 ¼ q, where q takes the values 0.01,
0.02, 0.05, and 0.1.2 The geometry of the rubber sample and the hole
is shown in Fig. 5. Thin lines with arrows in this ﬁgure are coordinate
axes x and y, and thick lines with arrows show the scheme of
loading.
Fig. 6 presents the distribution of the component ryy of a total
true stress tensor for stretching at the boundary ryy

C ¼ 0:1l0 at
different moments of time (t ¼ 0 and t ¼ 2).
These results were compared with the numerical analytical
solution obtained by Zingerman and Levin (1999), which only ac-
counted for second-order nonlinearities. The displacement values
ux at the crossing point of the hole boundary and the x-axis were
compared.
Fig. 10. The distribution of the component of the total true stress tensor ryy near a hole at different times for the problem of two holes simultaneously created in a previously
loaded body. (a) – t ¼ 8 (the moment of origin of a hole), (b) – t ¼ 16, (c) – t ¼ 32, and (d) – t ¼ 80.
Fig. 11. The time dependence of the component of the total true stress tensor ryy at
the points of maximum stress concentration for the problem of two holes created
simultaneously in a previously loaded body. The dashed line illustrates the similar
dependence for the problem of the origin of one hole.
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for different loads D ¼ uanalit:x uFEx
uanalit:x
between the solution uanalit:x , which
was obtained using the approximate analytical method that only
accounted for second-order nonlinearities, and the solution uFEx ,
which was obtained using the ﬁnite-element method.
The diagrams in Fig. 7(a) and (b) demonstrate that at small
strains (approximately 5%), accounting for nonlinearities exceed-
ing the second-order is not essential (D  1%). At larger strains
(over 5%), the difference between the solutions starts to increase.
In particular, D  7% at strains of approximately 15%, and
D  32% at strains of 30%, demonstrating the need to account for
higher-order nonlinearities when solving this type of problem.
5.2. The origin of a circular hole in a previously loaded body
The following problem is considered. A uniaxial tensile load
ryy

C ¼ 0:1l0 is applied to a square-shaped body with a side 20R.
Then, a circular hole with a radius R (the center of the hole matches
the center of the square) is created in this body (at time s1 ¼ 8).
Fig. 8 represents the distribution of the component of a total
true stress tensor ryy near the hole at different times. As illustrated
in the ﬁgure, the hole eventually grows in size in this problem, and
the process slows down over time.
5.3. Simultaneous origin of two circular holes in a previously loaded
body
The following problem is considered. A uniaxial tensile load
ryy

C ¼ q; q ¼ 0:1l0 is applied to a square-shaped body with a side
20R. Then, two circular holes with radii R are simultaneously cre-
ated in this body (at time s1 ¼ 8). The center of one of the holes
is at the coordinate origin that matches the center of the square,and the center of the other hole is at the point ð3R;0Þ. The geome-
try of the rubber sample and the holes is shown in Fig. 9. Thin lines
with arrows in this ﬁgure are coordinate axes, and thick lines with
arrows show the scheme of loading. The ﬁrst hole will be further
referred to as the central hole, and the second hole will be further
referred to as a side hole.
Fig. 10 presents the distribution of the component of the total
true stress tensor ryy at different times.
Fig. 11 presents the time dependence of the component of a to-
tal true stress tensor ryy at the points of maximum stress concen-
Fig. 12. The distribution of the component of the total true stress tensor ryynear a hole at different times for the problem of two holes that are created successively in a
previously loaded body. (a) – t ¼ 8 (the moment of the origin of the ﬁrst hole), (b) – t ¼ 43:99 (the moment before the origin of the second hole), (c) – t ¼ 44 (the moment of
the origin of the second hole), and (d) – t ¼ 80.
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x-axis). The dashed line represents a similar dependence for the
problem of the origin of a hole considered in the previous subsec-
tion. We observe that the difference between the solutions of these
two problems is 15% at the left point of the central hole and 42% at
the right point of this hole. Thus, in this case, a considerable effect
of interaction between the holes occurs. This result conforms with
the result of the stress-concentration calculation in an inﬁnitely
extended elastic body with two circular holes at small strains ob-
tained in Tsukrov and Kachanov (1997).
Note that the stress ryy at the points of maximum stress con-
centration eventually increase, even though the speed of their
growth slows down over time.
The calculations also reveal that the stresses at the right point of
the central hole and the left point of the side hole coincide, and the
difference between the stresses at the right point of the side hole
and the left point of the central hole does not exceed 2.5% (this dif-
ference is apparently dependent on edge effects and the location of
asymmetrical holes relative to the center of the body).Fig. 13. The time dependence of the component of the total true stress tensor ryy at
the points of maximum stress concentration on the boundary of the ﬁrst hole for
the problem of two holes that are created successively in a previously loaded body.
The dashed lines represent similar dependencies for the problem of two holes that
are created simultaneously.5.4. Successive origin of two circular holes in a previously loaded body
The following problem is considered. A uniaxial tensile load
ryy

C ¼ 0:1l0 is applied to a square-shaped body with a side 20R.
Then, the ﬁrst circular hole with a radius R and a center matching
the square center is created in this body (at time s1 ¼ 8). After that,
a second circular hole with the same radius and a center at the
point ð3R;0Þ (coordinate origin matches the square center) is cre-
ated in the body (at the time s2 ¼ 44).
Fig. 12 represents the distribution of the component of the total
true stress tensor ryy at different times.The effect of the interaction between holes is essential for this
problem and for the problem of holes that are created simulta-
neously. The calculations reveal that the stress ryy at the left point
of the ﬁrst hole increases by 13%; at the right point of this hole, the
stress increases by 34% due to the creation of the second hole.
Fig. 13 presents the time dependence of the component ryy of
the total true stress tensor at the points of maximum stress con-
centration on the boundary of the ﬁrst hole (at the crossing points
of this boundary and the x-axis). The dashed lines illustrate the
Fig. 14. The time dependence of the component ryy of a total true stress tensor at
the points of maximum stress concentration on the boundary of the second hole for
the problem of two holes that are created successively in a previously loaded body.
The dashed lines represent similar dependencies for the problem of two holes that
are created simultaneously.
Fig. 16. The time dependence of the component ryy of a total true stress tensor at a
crossing point of the hole boundary and the x-axis for the problem of the origin of a
circular hole in a previously loaded body made of incompressible material. The full
line illustrates the solution of a dynamic problem, and the dashed line represents
the solution of a quasistatic one.
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simultaneously. We observe that the difference between the solu-
tions of the problems of the simultaneous and successive origin of
holes is 6% at the right point of the ﬁrst hole and 2% at its left point.
Similar dependencies for the points of maximum stress concen-
tration on the boundary of the second hole are demonstrated in
Fig. 14 (these points are located at the crossing of the second hole
and the x-axis). The difference between the solutions of the prob-Fig. 15. Distribution of the component of a total true stress tensor ryynear a hole at diffe
loaded body made of incompressible material. (a) – t ¼ 8 (the moment of the origin oflems of simultaneous and successive origin of holes is 4% at the left
point of the second hole and 1% at the right point of the second
hole.6. Results of numerical calculations for dynamic problems
This section considers the results of solving dynamic problems
of the state of stress and strain in a previously loaded, homoge-
neous, square body with a circular hole originating in it. All ofrent moments of time for the problem of the origin of a circular hole in a previously
a hole), (b) – t ¼ 10, (c) – t ¼ 18, and (d) – t ¼ 24.
Fig. 17. Distribution of the component of a total true stress tensor ryy near a hole at different moments of time for the problem of the origin of a circular hole in a previously
loaded body made of weakly compressible material. (a) – t ¼ 15:8(the moment of the origin of a hole), (b) – t ¼ 16:6, (c) – t ¼ 17:5, (d) – t ¼ 18:75, (e) – t ¼ 25, (f) – t ¼ 35, (g)
– t ¼ 55, and (h) – t ¼ 75,
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Fig. 18. The time dependence of the component of a total true stress tensor ryy at
the crossing point of a hole boundary and the x-axis for the problem of the origin of
a circular hole in a previously loaded body made of weakly compressible material.
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bodies of a square section. The solution is obtained for the case
in which a circular hole is dynamically originated in these bodies
after previous loading. The results for the case in which the body
initially has an elliptical hole and, after previous loading, another
elliptical hole is dynamically formed in it near the ﬁrst one are con-
sidered as well. The section analyzes the dependence of the
stressed state at the points of maximum stress concentration (in
the vertices of the ellipses) on the relative position of the holes.
It is assumed that for all of the problems with results of calcu-
lations considered in this section, the stresses applied to the exter-
nal boundary of a body do not vary over time.
The results are obtained with the help of the FIDESYS CAE
system.Fig. 19. Distribution of the component of a total true stress tensor ryynear a hole at differ
loaded body with an already-existing elliptical hole; (a) – t ¼ 0, (b) – t ¼ 3:79, (c) – t ¼6.1. The origin of a circular hole in a previously loaded solid
Let us consider the results of the calculation of a dynamic prob-
lem of the state of stress and strain in a previously loaded, homo-
geneous, square body with a circular hole originating in it. It is
assumed that the center of the square coincides with the center
of the hole and with the origin of the coordinates. The axes of
the coordinates x and y are parallel to the sides of the square,
and the shape of the hole is set at the moment of its origin. The
hole radius is R, and the side of the square is 20R. Loads
ryy

C ¼ 0:1l0 are applied to the external boundary of the plate at
the initial time.
Let us ﬁrst consider the case in which the material of the body is
incompressible and its mechanical properties are described by the
constitutive relations (21) with the kernel (22) at the
following constant values (Adamov et al., 2003): l0 ¼ 1 MPa;
c ¼ 0:016; b ¼ 0:000167 s1; A ¼ 0:0135 sc. The hole originated
at the time s1 ¼ 8.
Fig. 15 shows the distribution of the component ryy of a total
true stress tensor at different moments of time. It should be noted
that at the very moment of the origin of a hole, the stress distribu-
tion in a body is heterogeneous. This can be explained by the fact
that the compression wave has inﬁnite velocity in an incompress-
ible material.
Fig. 16 shows the time dependence of the component of a total
true stress tensor ryy at the points of maximum stress concentra-
tion (at a crossing point of the hole boundary and the x-axis).
The dashed line illustrates the similar dependence for the case of
a quasistatic problem statement, and it can also be seen that the
dynamic effects in this case are considerable. The difference be-
tween the solutions of quasistatic and dynamic problems is 15%.ent moments of time for the problem of the origin of an elliptical hole in a previously
3:8 (the moment of the origin of the second hole), and (d) – t ¼ 7.
Fig. 20. The time dependence of the component ryy of a total true stress tensor at the vertices of the ﬁrst elliptical hole ((a) is for the right one, (b) is for the left one) for the
problem of the origin of an elliptical hole in a previously loaded body with an already existing elliptical hole for different variants of location of the second hole.
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problem (Matveyenko and Kligman, 1997).
Now let us consider the case in which the material of a body is
weakly compressible and its mechanical properties are described
by the following constitutive relations:
r_0;nþ1ðtÞ ¼ l ½1þ bðCðtÞ : I 3ÞqðJðtÞÞ5=3 I
1
3
ðCðtÞ : IÞCðtÞ1
  
þ BðJ0;nþ1  1ÞC10;nþ1
ð37Þ
at the constant values (Adamov et al., 2003) l0 ¼ 15:7 MPa,
c ¼ 0:047543; b ¼ 0:73901 s1; A ¼ 0:04271 sc; b ¼ 57:4; q ¼
0:1202, and B ¼ 2620 MPa. The sizes and the location of a body
and a hole and the initial loading are the same as in the previous
case. The hole originated at the time s1 ¼ 15:8.
Fig. 17 presents the distribution of the component of a total true
stress tensor ryy at different moments of time.
The propagation of the compression wave (unlike the problem
for incompressible material) can be clearly seen in Fig. 17(a)–(d).Fig. 21. The time dependence of the component ryy of a total true stress tensor in the v
problem of the origin of an elliptical hole in a previously loaded body with an already-eFig. 17(d) presents the start of motion of a slower transverse wave
as well. The distribution of a transverse wave can be clearly seen in
Fig. 17(e)–(h).
Fig. 18 presents the time dependence of the component ryy of a
total true stress tensor at the point of maximum concentration (at
the crossing point of the circle and the x-axis).
6.2. The origin of an elliptical hole in a previously loaded body with an
already-existing hole
This section analyzes the solutions of a series of dynamic prob-
lems of the state of stress and strain in a previously loaded square
body with an elliptical hole at the center of it at the origin of an-
other elliptical hole in the body. It is assumed that the center of
the square coincides with the center of the ﬁrst hole and with
the origin of the coordinates. The axes of the coordinates x and y
are parallel to the square sides. The square side equals L, the
semi-axes of the ellipses equal 0:06L and 0:02L, and the large axes
of the ellipses are parallel to the x-axis. The shape of the external
boundary of the body and the shape of the ﬁrst hole are set in aertices of the second elliptical hole ((a) is the right one, (b) is the left one) for the
xisting elliptical hole for different variants of location of the second hole.
3134 V.A. Levin et al. / International Journal of Solids and Structures 50 (2013) 3119–3135nondeformed state, and the shape of the second hole is set at the
moment of its origin. Boundary loads ryy

C ¼ 0:1l0 are applied to
the external boundary of a body at the initial moment of time.
The second hole originated at the time s1 ¼ 3:8. The coordinates
of the center of the second hole at the moment of its origin are
x2 ¼ 0:06L and y2 ¼ 0:06Lþ 0:02iL, and the index i takes the values
0, 2, 4, 6. Mechanical properties of the material are described by
constitutive relations for incompressible material (21), and the val-
ues of the constants of the material are the same as in the previous
case.
Fig. 19 presents the distribution of the component ryy of a total
true stress tensor in the body at different moments of time for the
case i ¼ 0 (y2 ¼ 0:06L) ((a) – t ¼ s0 ¼ 0, (b) – t ¼ s1 ¼ 3:79, (c) –
t ¼ 3:8, and (d) – t ¼ 7).
Fig. 20 presents the time dependencies of the component ryy of
a total true stress tensor for two vertices of the ﬁrst elliptical hole
((a) is for the right one, (b) is for the left one) for different variants
of location of the second elliptical hole. The results for the case in
which the second hole does not form are also given for comparison.
As seen in the diagrams, the coordinates of the center of the second
ellipse considerably inﬂuence the stresses at the points of the ﬁrst
one. In particular, the difference between the solutions for the case
in which the second hole does not form and the case in which the
center of the second hole is at the point ð0:06L;0:06LÞ is 95%. The
farther the second hole is located from the ﬁrst one, the less is
its inﬂuence on the stress at the vertices of the ﬁrst hole.
Fig. 21 presents time dependencies of the component of a total
true stress tensor ryy for two vertices of the second elliptic hole ((a)
is the right one, (b) is the left one) for different variants of location
of this hole.
7. Conclusions
In summary, this article has proposed a model describing the
state of stress and strain of a previously loaded body composed
of an isotropic nonlinear viscoelastic material with holes originat-
ing in this body. Mathematical problem statements of the state of
stress and strain of such bodies with holes originating in them
were formulated within this model. The peculiarities of ﬁnite-ele-
ment-method realization for solving these problems was consid-
ered. In particular, the article has described the approaches for
the transfer of calculation results from the old mesh to a new
mesh, while relating the calculations for the new stage of deforma-
tion with the origin of the hole. Peculiarities of the ﬁnite-element-
method realization for solving problems with dynamic effects ta-
ken into account are also considered.
Numerical calculations have been performed, and many effects
have been observed.
1. The article demonstrates that accounting for nonlinearities
exceeding the second order is essential at large strains. It
reveals that the difference between the approximate analytical
solution obtained when nonlinearities are considered (up to the
second order inclusive) and the ﬁnite-element solution
obtained without limitations on the order of nonlinearities is
30% for the problem considered in the article.
2. The effects of the interaction between holes have been analyzed
for the problems of the origin of two holes. These effects are
over 40% for the numerical example that is presented in the
article.
3. The results of solving problems involving the simultaneous ori-
gin of holes have been compared with the results of solving
problems of their successive origin. The difference between
the results of these problems is approximately 6% for the
numerical examples that are presented in the article.4. It has been shown that taking into account the dynamic effects
in the problems considered is important. In particular, it has
been revealed that the difference between the solutions
obtained with and without taking into account the dynamic
effects is 15% for one of the problems considered in the article.
5. The inﬂuence of weak compressibility of the material on the
nature of the dynamic processes caused by the origin of a hole
is analyzed. In the case of incompressible materials, the origin
of a hole leads to immediate stress redistribution in the whole
body, while in the case of weakly compressible material, the
perturbation of the ﬁeld of stresses caused by the origin of a
hole spreads from its boundary with the velocity of the com-
pression wave.
6. It has been shown that accounting for the origin of the second
hole in the problem of dynamic, successive origin is important.
It has been revealed that the difference between the solutions
for the case in which the second hole originates near the ﬁrst
one and for the case in which the second hole does not form
is 95%.
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